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ARTICLE INFO ABSTRACT 

 In the International Conference on Discrete Mathematics [ICDM, 2021] held in 
Department of Mathematics, Manonmaniam Sundaranar University, Thriunelveli 
during October 11- 13, 2021, Dr. A Vijayakumar suggested to work on 𝛾 - graph of 
Shrikhande graph. Motivated by this, an attempt to determine 𝛾  - graph of 
Shrikhande graph has been made in this paper. In addition to that some graph 
parameters such as hop domination number and hop chromatic number of 
Shrikhande graph have also been determined. 
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1. Introduction: 

 
Graph coloring and domination are two major areas in graph theory that have been well studied.A 
dominating set 𝑆 is a subset of the vertices in a graph such that every vertex in the graph either belongs to S or 
has a neighbour in S. The domination number is the order of a minimum dominating set.[1] 
 
A proper coloring of a graph G = (V(G), E(G) )is an assignment of colors to the vertices of the graph, such that 
any two adjacent vertices have different colors. The chromatic number is the minimum number of colors 
needed for a proper coloring of a graph.[1] 
A dominator coloring of a graph G is a proper coloring in which each vertex of the graph dominates every 
vertex of some color class. The dominator chromatic number 𝜒𝑑(𝐺) is the minimum number of color classes 
in a dominator coloring of a graph. [9] 
Let G = (V, E) be a graph. A set S ⊂ V(G) is a hop dominating set of G if for every    v ∈ V − S, there exists u ∈ S 
such that 𝑑(𝑢, 𝑣) = 2. The minimum cardinality of a hop dominating set of G is called a hop dominator 
number of G and it is denoted by 𝛾ℎ(𝐺). [2] 
This paper deals with 𝛾 - graph of Shrikhande graph and some graph parameters such as hop domination 
number and hop chromatic number of Shrikhande graph have also been determined. 
 
1.1 Preliminaries 
Definition 1.1. [3] 
𝐴 vertex 𝑣 ∈ 𝑉 is a hop dominator of a set 𝑆 ⊆ 𝑉 if 𝑣 hop dominates every vertex in 𝑆 (ie) 𝑑(𝑢, 𝑣) = 2 for every 
𝑢 ∈ 𝑆. 
 
Definition 1.2. [3] 
A partition 𝜋 = {𝑉1, 𝑉2, … , 𝑉𝑘} is called a hop dominator partition if every vertex is a hop dominator of at least 
one 𝑉𝑖. 
 
Definition 1.3. [3] 
Hop dominator partition number equals the minimum 𝐾 such that 𝐺 has a hop dominator partition of order 
𝐾. 
 
Definition 1.4. [3] 
We say that a graph 𝐺 has a hop dominator coloring if 𝐺 has a proper coloring 
𝜋 = {𝑉1, 𝑉2, … 𝑉𝑘} which is a hop dominator partition of 𝐺. 
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Definition 1.5. [3] 
The hop dominator chromatic number 𝜒ℎ𝑑(𝐺)  is the minimum number of colors required for a hop 
dominator coloring of 𝐺. 
 
Note 1.6. 

Since every vertex is a hop dominator of itself conventionally the partition {{𝑉1}, {𝑉2}, … {𝑉𝑛}} into singleton 

sets is a hop dominator coloring. Thus every graph 𝑛 has a hop dominator coloring of order 𝑛 and therefore 
hop dominator chromatic number 𝜒ℎ𝑑(𝐺) is well defined. 
 

2 Shrikhande Graph 
 
Shrikhande Graph discovered by S. S. Shrikhande in 1959 [12] is one of the named graphs playing vital role in 
Graph Theory. It is a strongly regular graph with 16 vertices and 48 edges, with each vertex having degree 6 . 
 
Observation 2.1. 
Shrikhande graph 𝐺 is a 6 - regular graph. Hence any vertex can dominate atmost seven vertices . 

Hence 𝛾(𝐺) ≥
16

7
. 

(i.e) 𝛾(𝐺) ≥ 3. 
 
For Further discussion let us take G in the following form and label its vertices as shown in the figure. 
 

 
Shikhande Graph 

 
Observation 2.2. 
{𝑣1, 𝑣6, 𝑢1} is a dominating set of 𝐺. 
∴ 𝛾(𝐺) ≤ 3 and hence 𝛾(𝐺) = 3. 
 
Observation 2.3. 
Atleast one 𝑢𝑖 should be in any 𝛾 - set of 𝐺. 
 
Proof. 
Any 𝑣𝑖 covers atmost two 𝑢𝑗 's. 

Any 𝛾 - set has three elements. Any set {𝑣𝑖 , 𝑣𝑗 , 𝑣𝑘  can cover atmost six inner vertices and hence it can not be a 

𝛾 - set. 
So any 𝛾 - set of G should have atleast one 𝑢𝑖. 
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Observation 2.4. 
Any 𝛾 - set of 𝐺 should have ateast one 𝑣𝑖. 
Reason is similar as that of above observation. 
 

𝟑.    𝜸-sets of Shrikhande Graph 
 
From the above observations it follows that 𝛾 - sets are of two types. 
 

1. {𝑣𝑖 , 𝑣𝑗 , 𝑢𝑘}      2. {𝑣𝑖 , 𝑢𝑗, 𝑢𝑘} 

 
Shrikhande graph is highly symmetric and so identification of 𝛾 - sets becomes simpler. 
We got 32 𝛾 - sets for G. 
 
They are listed below: 

{𝑣1, 𝑣4, 𝑢1}, {𝑣1, 𝑣6, 𝑢1}, {𝑣2, 𝑣5, 𝑢2}, {𝑣2, 𝑣7, 𝑢2}, {𝑣3, 𝑣6, 𝑢3}, {𝑣3, 𝑣8, 𝑢3} 
{𝑣4, 𝑣7, 𝑢4}, {𝑣1, 𝑣4, 𝑢4}, {𝑣5, 𝑣2, 𝑢5}, {𝑣5, 𝑣8, 𝑢5}, {𝑣6, 𝑣1, 𝑢6}, {𝑣6, 𝑣3, 𝑢6} 
{𝑣7, 𝑣2, 𝑢7}, {𝑣7, 𝑣4, 𝑢7}, {𝑣8, 𝑣3, 𝑢8}, {𝑣8, 𝑣5, 𝑢8}, {𝑢1, 𝑢2, 𝑣5}, {𝑢2, 𝑢3, 𝑣6} 
{𝑢3, 𝑢4, 𝑣7}, {𝑢4, 𝑢5, 𝑣8}, {𝑢5, 𝑢6, 𝑣1}, {𝑢6, 𝑢7, 𝑣2}, {𝑢7, 𝑢8, 𝑣3}, {𝑢8, 𝑢1, 𝑣4} 
{𝑢4, 𝑢5, 𝑣1}, {𝑢5, 𝑢6, 𝑣2}, {𝑢6, 𝑢7, 𝑣3}, {𝑢7, 𝑢8, 𝑣4}, {𝑢1, 𝑢8, 𝑣5}, {𝑢1, 𝑢2, 𝑣6} 

{𝑢2, 𝑢3, 𝑣7}, {𝑢3, 𝑢4, 𝑣8}. 
 

4 Two different definitions for 𝛾 - graph 
 
Definition 4.1. [11] 
K. Subramanian, N. Sridharan defined 𝛾 - graph of a graph in 2008. 
 
𝜸 - Graph 
Let 𝐺 be a graph. Associate a new graph 𝛾. 𝐺 with 𝐺, as follows: The vertex set of 𝛾. 𝐺 is the set of all 𝛾 - sets of 
𝐺. Two vertices 𝐷1 and 𝐷2 of 𝛾. 𝐺 are adjacent if and only if the  𝛾 - sets 𝐷1 and 𝐷2 of 𝐺 are exchangeable with 
each other. The graph 𝛾. 𝐺 is called the   𝛾 - graph of 𝐺. 
 
Definition 4.2.[6] 
𝛾 - graph introduced by GRED H. FRICKE in 2011. 
 
𝜸 - Graph 
Consider the family of all 𝛾 - sets of a graph 𝐺 and define the 𝛾 − 𝒈𝒓𝒂𝒑𝒉, 𝐺(𝛾) = (𝑉(𝛾)), 𝐸(𝛾)) of 𝐺 to be the 
graph whose vertices 𝑉(𝛾) correspond one to one with the 𝛾-sets of 𝐺 and two 𝛾-sets, say  𝑆1 and 𝑆2, form an 
edge in 𝐸(𝛾), if there exists a vertex 𝑣 ∈ 𝑆1 and a vertex 𝑤 ∈ 𝑆2 such that (i) 𝑣 is adjacent to 𝑤 and 

 
(ii) 𝑆1 = 𝑆2 {𝑤} ∪ {𝑣} and 𝑆1 = 𝑆2 − {𝑣} ∪ {𝑤}. 

Here again Shrikhande graph stands as an example for which G(𝛾) and 𝛾.G coincide. G(𝛾) = 𝛾. G 
 

 
𝛾 - Graph of Shrikhande Graph 
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5 Hop Graph of Shrikhande Graph 
 
Definition 5.1. [8] 
The hop graph 𝐻(𝐺) of a graph 𝐺 is the graph obtained from 𝐺 by taking 𝑉(𝐻(𝐺)) = 𝑉(𝐺) and joining two 
vertices 𝑢, 𝑣 in 𝐻(𝐺) if and only if they are at a distance 2 in 𝐺. 
 
Example 5.2. 

 
Graph 𝑄3                                     Hop graph of 𝑄3 

 
5.1 Adjacency Matrix of Hop Graph 
As the number of vertices of a graph increases, identifying its hop graph becomes much more complicated 
and time consuming. It is advisable to approach this task using its adjacency matrix. We describe a procedure 
to obtain the adjacency matrix of the hop graph from that of the given graph. 
 

Let G be a graph with vertex set {𝑣1, 𝑣2, … , 𝑣𝑛} and the adjacency matrix be 𝐴 = (𝑎𝑖𝑗). 

 

Take 𝐵 = 𝐴2 + 𝐴 = (𝑏𝑖𝑗), 𝑏𝑖𝑗  is equal to the number of 𝑣𝑖 − 𝑣𝑗 walks. 

 

Construct the matrix 𝐶 = (𝑐𝑖𝑗) from B, by taking 

𝑐𝑖𝑗 = {
0  if 𝑖 = 𝑗 or 𝑏𝑖𝑗 = 0

1  if 𝑖 ≠ 𝑗 and 𝑏𝑖𝑗 > 0
 

 

Note that 𝑐𝑖𝑗 = 1 if 𝑑𝐺(𝑣𝑖 , 𝑣𝑗) = 1 or 2 and 𝑐𝑖𝑗 = 0 otherwise. 

Let 𝐷 = 𝐶 − 𝐴 = (𝑑𝑖𝑗) (say). 

 
Then 

𝑑𝑖𝑗 = {
1  if 𝑑𝐺(𝑣𝑖 , 𝑣𝑗) = 2

0  otherwise 
 

Consider the Shrikhande graph. 
 
The adjacency matrix of the Shrikhande graph, 

 
 
B = A2 + A = 
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Now in this matrix B, we change all the non zero elements into 1 and all the diagonal elements into zero. Then 
the matrix C becomes C 
 

 
 
𝐷 = 𝐶 − 𝐴 = 
 

 
 
⟹ Adjacency matrix of 𝐻(𝐺) = 
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Hop graph of Shrikhande Graph 
 

6 Hop Domination Number of Shrikhande Graph 
 
Definition 6.1. [2] 
𝐴 set 𝑆 ⊂ 𝑉 of a graph 𝐺 is a hop dominating set of 𝐺 if for every 𝑣 ∈ 𝑉 − 𝑆, there exists 𝑢 ∈ 𝑆 such that 
𝑑(𝑢, 𝑣) = 2. The minimum cardinality of a hop dominating set of 𝐺 is called the hop domination number 
and is denoted by 𝛾ℎ(𝐺). 
 
Note 6.2. Any dominating set of 𝐻(𝐺) is a hop dominating set of Shrikhande graph. 
 
Observation 6.3. {𝑣1, 𝑣2, 𝑣3} is a hop dominating set of 𝐺. 
∴ 𝛾ℎ(𝐺) ≤ 3. 
 
Observation 6.4. 𝛾ℎ(𝐺) = 3. 
 
Proof. Let D be a hop dominating set of G. 
With out loss of generality, Let 𝑣1 ∈ 𝐷. 
The hop neighbourhood of 𝑣1, 𝑁ℎ(𝑣1) = {𝑣4, 𝑣5, 𝑣6, 𝑢1, 𝑢3, 𝑢4, 𝑢5, 𝑢6, 𝑢7}. 
 
So 𝑣1 covers {𝑣1} ∪ 𝑁ℎ(𝑣1) = 𝐷1 (Say) Let 𝐷2 = V ∖ 𝐷1 = {𝑣2, 𝑣3, 𝑣7, 𝑣8, 𝑢2, 𝑢8}. The vertices in 𝐷2 are yet to be 
covered and no single vertex in the neighbour set of 𝐷2 can play this role. 
 
Neighbour set of 𝐷2 = {𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7, 𝑣8, 𝑢1, 𝑢2, 𝑢3, 𝑢4, 𝑢5, 𝑢6, 𝑢7, 𝑢8} = V. 
 
So we need atleast two vertices apart from 𝑣1 to cover all the vertices. 
∴ 𝛾ℎ(𝐺) ⩾ 3. 
Hence 𝛾ℎ(𝐺) = 3. 
 

7 Hop Chromatic Number of Shrikhande Graph 
 
Definition 7.1. [13] 
A hop coloring of a graph 𝐺 is a coloring in which no two vertices at a distance two receive the same color. The 
minimum number of colors required for a hop coloring of 𝐺 is called hop chromatic number of 𝐺 and is 
denoted by 𝜒ℎ(𝐺). 
 
Definition 7.2. [13] 
Let 𝐺 = (𝑉, 𝐸) be a graph. Let 𝑣 ∈ 𝑉 be a vertex of 𝐺. The hop neighbourhood of 𝑣, denoted by 𝑁ℎ(𝑣) is 
defined as 𝑁ℎ(𝑣) = {𝑢 ∈ 𝑉/𝑑(𝑢, 𝑣) = 2}. ie) the set of all vertices at a distance two from 𝑣. 
 
Definition 7.3. [13] 
Each n-coloring of 𝐺 partitions 𝑉(𝐺) into 𝑛 independent sets called color classes. Such a partition induced by 
a 𝜒ℎ(𝐺) coloring of 𝐺 is called a hop chromatic partition. 
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Observation 7.4. 𝜒ℎ(𝐺) ⩾ 4. 
 

 
 
Hop graph of Shrikhande Graph containing 𝐾4 
Hop graph of Shrikhande Graph contains a 𝐾4. 
Hence 𝜒ℎ(𝐺) ⩾ 4. 
 
Hop Coloring of Shrikhande Graph 

 
 
Hop Coloring of Shrikhande Graph 
Hop Chromatic Partition of Shrikhande Graph are, 𝑉1  =  {𝑣1, 𝑣2, 𝑣3, 𝑣8, 𝑣7}, 
𝑉2  =  { 𝑢1, 𝑢7} , 𝑉3  =  { 𝑢2, 𝑢4, 𝑢6}, 𝑉4  =  {𝑢3, 𝑢8, 𝑢5},  𝑉5  =  {𝑣4, 𝑣5, 𝑣6}. 
Hop Chromatic Number, 𝜒ℎ(𝐺) ≤  5. 
Hence 4 ≤ 𝜒ℎ(𝐺) ≤ 5. 
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