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ABSTRACT

We know a fuzzy set is a function which associates every member of a set with a grade. With the help
of fuzzy set one can measure the uncertainty and the belongingness of an element with the set.
Bidirectional fuzzy set in short Bi-di fuzzy set is an extension of fuzzy set which defines grade in two
directions, one function in this gives membership and other function gives non membership grade to
every element of the set. Here we defined Bi-di fuzzy lattice group with operators.

Keywords- Lattice group, fuzzy lattice group, K operator group, fuzzy lattice k2 operator group,
fuzzy lattice KS operator group. Bi-di fuzzy lattice operator group.

1. Introduction

A revolutionary thing happened in the history of mathematics by introduction of Fuzzy set theory by Zadeh
[11]. Rosenfield[7] then utilized this theory in algebra and introduced fuzzy groups..In 1994 Ajmal and
Thomas [1] combined this fuzzy algebra with the algebraic structure lattice and extended the concept to next
level. Nanda [6] used partial ordering in fuzzy set and defined fuzzy lattice. Satya Saibaba[8] used ordering of
lattice relation and defined fuzzy lattice ordered group. Goguen [2] generalized the concept of fuzzy lattice by
replacing image set of fuzzy set [0,1] by a complete lattice. Solairau and Nagrajan [9] defined fuzzy Q-
modules. Murdai and Rajendran [5] defined a new form of fuzzy lattice. Gu[3] done the fuzzy algebra work
on operator groups. Subramaniam , Nagrajan & Chellapa [10] brought the research to the next level by giving
m fuzzy group concept.Lokhande and Makandar [4] defined the concept of one operator fuzzy algebraic
structures. In this paper we introduced the two operator Bi di fuzzy lattice group.

2. PRELIMINARIES

Definition 2.1 Bi-di Fuzzy group

Leta: X — [0,1] and B: X — [0, 1] (0 <a(x) + B(x) < 1) are two fuzzy sets & (G,.) is a group which is a subset
of X. A Bi-di fuzzy group is a fuzzy set < x, a(x), B(x)> which satisfy four conditions

1) a (xy) =2 mini {a (x), a(y)}

2ax)zak)

3) B (xy) < maxi {B (x), B(y)}

4) B (x1) < B (x), where x, ye G

Definition 2.2 K-Operator group
A group G is said to be an K- operator group if kx e G where ke K ( any non empty set called as Operator set )
and for all xe G.

Definition 2.3 Bi-di Fuzzy K- operator group

Let a: X — [0, 1] and B : X — [0, 1] are two fuzzy sets & G is a subset of X which is also a K- operator group.
G is a Bi fuzzy K-operator group if it satisfies following four conditions

1) a (kx ky) = mini {a (kx), a(ky)}

2) a (kx) 1 = a (kx)

3) B (kx ky) < maxi {B (kx), B(ky)}

4) B (kx) 1 < B (kx), where x, ye G, k e K.

Definition 2. Lattice K-operator group
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Lattice K-operator group is an algebraic structure (G, . , R) if it satisfy two conditions 1) G is a K-operator
group w.r.t ‘.’ 2) Gis alattice w.r.t R

Definition 2.5 KS- operator group-
Let G be a group, K,S be any two nonempty sets if kx € G, sxe G. for every x € G, k € K, se S Then G is called a
KS- operator group.

Definition 2.6 Bi-di Fuzzy KS- operator group

If a: X —[0,1]and B : X — [0, 1] are two fuzzy sets & G is KS- operator group . G subset of X. Then the
fuzzy set < x, a(x), B(x)> is a Bi-di fuzzy KS operator group if

1) a (kxsy)) = mini {a (kx), a (sy)} 2) a (kx)* = a (kx) & a (sx)* = a(sx)

3) B (kxsy)) < maxi {B (kx), B (sy)} 2) B (kx)* < B (kx) & B (sx)* < B(sx)

foreveryx,ye G,keK,seS

Definition 2.7 Lattice KS operator group
A lattice KS- operator group is an algebraic structure (G, R, .) if it satisfy two conditions 1) G is a KS-
operator group w.r.t .’ 2) Gis a lattice w.r.tR.

Definition 2.8. Bi-di Fuzzy lattice KS- operator group (BDFL KS- operator group) —

a: X to [0, 1] and B: X to [0, 1] are two fuzzy sets, Let G be a subset of X which is a lattice KS- operator
group , K,S( operator sets). Then the fuzzy set < x, a(x), B(x)> is a Bi-di fuzzy lattice KS- operator group if it
satisfy following conditions

1)  a(kxsy) = mini { a (kx),a (sy)}

2)  a(kx)? = atkx) & a(sx)1=za(sx)

3) a(kxvsy) = mini{a(kx),a(sy)}

4) a(kxasy) = mini{a(kx),a(sy)}

5) B(kxsy) < maxi{ B (kx), (sy)}

6) PBlkx)1< (k) & B(sx) < B(sx)

7). Blkxvsy ) < maxi{B(kx),B(sy)}

8) PB(kxasy) < maxi{B(kx),p(sy)} ForeveryxeG,keK,se$S

Definition 2.9 Bi-di Fuzzy lattice KK -operator group

a: X to [0, 1] and B: X to [0, 1] are two fuzzy sets, G is a K- lattice operator group. Then the fuzzy set < x, a(x),
B(x)> is said to be a Bi-di fuzzy lattice KK-operator group if it satisfy following conditions
1) a( kyx kyy) = mini{a(k, x),a( k, y)}

2) a( ky x) = al kix), M ky x)1za( kyx),

3) a(kyx v k;y) = mini{a(k, x),a( k, y)}

4) a( kixn kyy) = mini{a(k, x),a( k; y)},

5) B(kix kyy) < maxi{B(k; x),B( k, y)}

6) B(ky x)'< B( kyx), B(ky x) 1< B( kyx),

7) BCkyx v kyy) < maxi{B(k, x),B( k, y)}

8) B(kyxn kyy) < maxi {B(k, x),B( k, y)}, For all x,ye G, ki k. eK

Definition 2.10 Bi-di Fuzzy lattice Kz-operator group

a: X to [0, 1] and B: X to [0, 1] are two fuzzy sets, Let G be a subset of X which is a lattice K2- operator group
, K( operator set). Then the fuzzy set < x, a(x), B(x)> is a Bi-di fuzzy lattice K2- operator group if it satisfy
following conditions

1) a(kxky) = mini { a (kx),a (ky)}

2) a(kx)t = akx)

3) a(kxvky ) = mini{a(kx),a(ky)}

4) a(kxaky) = mini{a(kx),a(ky)}

5) Blkxky) < maxi{ B (kx),B (ky)}

6) Pkx)< B(kx)

7) Blkxvky ) < maxi{B(kx),B(ky)}

8) B(kxaky) < maxi{B(kx),p(ky)} Foreveryx e G,keK

3 PROPERTIES OF BDFL KS- OPERATOR GROUP

Preposition 3.1: Let T and T be two Lattice KS-operator groups and

a: T-T and B: T—>T are two lattice KS homomorphisms. If Pis a BDFL KS operator group of T then the
pre-image P-1is a BDFL KS operator group of T.

Proof- Assume P’ is a BDFL KS- operator group of T". Let x,y € T
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i) a'(P)= p,-1P)(kxsy))

= ppakxsy))
= pp(ka(x)sa(y))
> mini{pp (ka(x)),up (sa(y))}
>mini{pp (alkx)),up (alsy))}
= mini{p,-1P")(kx), po-1PH(sy)}
ii) He-1PH(kx)t = ppalkx)?
=pp [a(kx)]?

=pp [ka(x)]*
zppka(x)
=pp(alkx))
=pg-1(P(kx)
He-tPH(sx)t = ppalsx)?
=pp[alsx)]"
=pp [SA(x)]*
2ppsa(x)
=pp(a(sx))
=Hg-1(PH(sx)
iii) He-1PH(kxvsy) =ppalkxvsy)

=ppalkx)va(sy)
>mini{ppalkx),ppalsy))
>mini{p,-1P)(kx),pg-1( PH(sy)}
iv)  pe-1P(kxasy) =ppa(kxasy)
=ppalkx)ra(sy)
>mini{pp-alkx),ppalsy))
>mini{p,-1( Py(kx),pe-1( P)(sy)}
V) B1(P)= pe-1P"(kxsy))

= pp, B(kxsy))
= up (kB(x)sB(y))
<maxi{pp (kB(x)),up (sB(y))}
<maxi{pp (Bkx)),pup (B(sy))}
= maxi{pg-1P"(kx), pg-1P"(sy)}
vi) He-1P)(kx)t = ppBlkx)?

=pp [B(kx)]*
=pp [kB(x)]"
< ppkB(x)

=pp (B(kx))
— g1 P(k)
He-1PH(sx)t = ppB(sx)?

=pp [B(sx)]*
=pp [sB(x)]*
< ppsB(x)

=pp (B(sx))

— g1 (P(sx)

vii)  pg-1(P(kxvsy) =ppB(kxvsy)
=pp B(kx)VvB(sy)
<maxi{up B(kx),upB(sy))
<maxi{pe-1P"(kx),ug-1( P(sy)}

viii) pe-1PH(kxasy)  =ppB(kxasy)
=pp B(kx)AB(sy)

<maxi{pp B(kx),upB(sy))

<maxi{pg-1( P")(kx),pe-1( P(sy)}

Preposition 3.2: If T and T° are two Lattice KS operator groups and a:T—T" ,8: T-T are two lattice
KS epimorphisms. P’ is a fuzzy set in T’. If (P)! is a BDFL KS operators group of T then P’ is a BDFL KS-
operator group of T".

Proof- Consider x,y € T’, hence there are elements m, n,r,t €T so that a(m)=x,
a(n) =y. B(r)=x ,B(1) =y.
i) wp (kxsy) =pp (ka(m)sa(n))
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=pp(a(kmsn))

=gt (P’)(kmsn)

>mini{,-1( P(km)),p,-1(P)(sn)}
>mini{pp a(km),pupa(sn)}
>mini{upka(m),upsa(n)}
>mini{pp (kx),pp (sy)}

ii) tp (kx)t=pp(ka(m))*
=pp(a(km)~

=Hg-1(PH(km)?

>p,-1(P)(km)

=ppa(km)

=pp-ka(m)

=pp(kx)

Hp(sx) 1 =pp(sa(m))
=pp(a(sm)

=Hq-1(P)(sm)?

2pg-1(P(sm)

=ppa(sm)

=pp's a (m)

=pp(sx)

iii) wp(kxvsy)  =pp(ka(m)vsa(n))
=pp (a(km)va(sn))
=pp:(a(kmvsn))
=p,-1(Py(kmVsn)

>mini{p,-1( PH(km),pq-1(PH(sn)}
=mini{up a(km),upa(sn)}
=mini{upka(m),upsa(n)}
=mini{pp (kx),pp (sy)}

iv) up (kxasy) =pp(ka(m)Asa(n))
=p (a(km)Ara(sn))

=p (a(kmAsn))
=p,-1(Py(kmAsn)

<mini{p,-1 ( P’ (km),p,-1(P)(sn)}
=mini{pp a(km),ppa(sn)}
=mini{pp-ka(m),ppsa(n))
=mini{pp (kx),up(sy)}

v) up(kxsy) =pp (kB(r)sB(1))
=pp (B(krst))

=pge-1(P"(krst)

<maxi{pg-1¢ P")(kr)),pg-1(P)(st)}
<maxi{ppR(kr),upR(st)}
<maxi{pupkB(r),upsB(t)}
<maxi{pp (kx),pp (sy)}

vi) tp (k) =pp (kB(r))
=pp(B(kr)?

=pg-1(P"(kr)?

< pg-1(P(kr)

=pp 3 (kr)

=ppkB(r)

=pp(kx)

Hp(8x) 1 =pp:(sB(r))

=pp (B(sr)"

=pg-1(PH(sr)?

< pg-1(P)(sr)

=ppR(sr)

=ppsB(r)

=pp(sx)

vii) wp(kxvsy)  =pp(kB(r)vsB(t))
=pp (B(kr)vB(st))

=pp(B(krvst))

=pe-1(Py(krvst)
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<maxi{pug-1¢ P")(kr),pg-1P"(st)}

=maxi{pp R(kr),upB(st)}
=maxi{pupkB(r),upsBL)}

=maxi{up (kx),up(sy)}

vii)  pp(kxasy) =pp (KB(r)AsB(t))
=pp (B(kr)AB(st))

=pp (B(krAst))

=pg-1(P"y(krast)

<maxi{pg-1 ( Py(Kr),pg-1(P)(st)}
=maxi{pupB(kr),upB(st)}
=maxi{ppkB(r),upsB(t))

=maxi{pp (kx),up(sy)}

Therefore P’ is a BDFL KS operator group of T".

Preposition 3.3: If {A;} is a family of BDFL KS operator group of T then NA; is a BDFL KS operator group
of Twhere NA; = {x, A a,X),vR,;x)/xeT}

Proof- Consider X,yeT
i) (Na)(kxsy) = aay;(kxsy)
>a mini{a,; (kx),a,;(sy)}
=mini{(n 4;)(kx),(n 4;)(sy)}
i1) (N; Y(kx)t =aay; (kx)™
ZAaAi(kx)
=(n Ai)(kx)
(Ng; )(sx)t =aay; (sx)™
2Aa,;(sx)
= (N Ai)(sx)
iii) (Na))(kxvsy) =aa,; (kxvsy)
>a mini{ay; (kx),aq(sy)}
=mini{(N ;) (kx),(N4)(sy)}
iv) (Na)(kxnsy) =aay; (kxasy)
>a mini{a,; (kx),a,; (sy)}
>mini{(N ;) (kx),(N ) (sy)}
V) (N (kxsy) = VR, (kxsy)
<V maxi{fd,; (kx),B,;(sy)}
= maxi{Vf3,; (kx), v, (sy)}

=maxi{(N 4;)(kx),(N A;)(sy)}
vi) (Ng; Y(kx)t =VRBy; (kx)*

<V Ry (kx)

=(N Ai)(kx)
(Ngi J(sx)1 =V B4 (sx)!

<V Ry (sx)

= (N Ai)(sx)
vil)  (Ng)(kxvsy) =VR,; (kxVsy)
<V maxi{l,; (kx),R,;(sy)}
smaxi{ vi3,; (kx), vRy;(sy)}
=maxi{(Ny;)(kx),(N4)(s¥)}
viii)  (Ng)(kxasy) =VBy; (kxasy)
<V maxi{fl,; (kx),B4;(sy)}
< maxi{vi3,; (kx), vR,;(sy)}
< maxi{(N,;)(kx),(N ;) (sy)}
Therefore NA; is a BDFL KS operator group of T

Preposition 3.4: P is a BDFL KS operator group of T. If Q is a bi-di fuzzy set in T given by Q(x)=<
a(x)—a(e)+1, B(e)—B(x)+1> for every x €T. Then Q is a BDFL KS operator group of T .

Proof- Consider x,yeT

i) Q(kxsy) =a(kxsy)+1-a(e)
>mini({a(kx),a(sy)}+1—a(e))

>mini(a(kx)+1-a(e),a(sy)+1—a(e))
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>mini{Q(kx),Q(sy)}

ii) Q((kx)™) = a((kx)1)+1-a(e)
>a(kx)+1—a(e)
2Q(kx)

Q((sx)™) =a(sx)+1-a(e)
>a(sx)+1—a(e)
2Q(sx)

iii) Q(kxvsy) =a(kxvsy)+1-a(e)

>mini{a(kx),a(sy)}+1—a(e)
>mini{a(kx)+1-a(e),a(sy )+1—a(e)}
>mini{Q(kx),Q(sy)}

iv) Q(kxasy) =a(kxasy)+1-a(e)

>mini{a(kx),a(sy)}+1—a(e)
>mini{a(kx)+1-a(e),a(sy )+1—a(e)}
>mini{Q(kx),Q(sy)}

V) Q(kxsy) = B(e)- B(kxsy)+1

< B(e)- maxi({B(kx),B(sy)}+1

< maxi {B(e)- B(kx)+1,B(e)-B(sy)+1}

=maxi{Q(kx),Q(sy)}

vi) Q(kx) = B(e) -B((kx)1)+1
< B(e) -B((kx) +1
=Q(kx)

Q(sx)* = B(e)- B(sx)1+1
< B(e)- B(sx)+1
<Q(sx)

vii) Q(kxvsy) = B(e) - B(kxvsy)+1

< B(e) - maxi{B(kx),B(sy)}+1
<maxi{B(e)-B(kx)+1, B(e)-B(sy )+1}
=maxi{Q(kx),Q(sy)}

viii) Q(kxasy) =-B(e)- B(kxasy)+1

< B(e)-maxi{B(kx),B(sy)}+1
<maxi{ B(e)-B(kx)+1, B(e)- B(sy )+1}
=maxi{Q(kx),Q(sy)}

Preposition 3.5: Direct product of Bi-di fuzzy lattice KS operator groups is also a Bi-di fuzzy lattice

KS operator group.

Proof- Let x= (X1Xo,....., Xn), Y=(Y1, Voo, Vn) €GXGoX....... X Gy
Let Aix Aox ........ xAn-A

i) aatkxsy)) =aa(k(x1Xo..., Xn)S(Y 1Yo V)

=as(kxisy kxosys. ... kxuSyn))

= mini {GAl (k X1 Syl), GAQ (k X o Sy 2), .......... 5 aAn (k Xn Sy n) }

> mini{mini [aA,(kx, ), (1A1(Sy1)], min [aA. (kxz), aAz(SY2)],-~-

mini[ aA, (kxn), dAn (syn)] }

> mini {mini [aA;(kx,), aA, (kX 2, .. aAn (kx4)],

mini [ClA1(S Y1 ), aA; (s Yo,.... aAn (S y n) ]}

> mini {(AAX0AX ........ X aAn) k(X1 Xo,.., Xn),

(CIA1X AALX ........ Xa Ap )S(Y1,Y2 ............ Yn )

> mini{aA(kx),aA(sy)}

ii) aA (k x)1 =0aA ((kx) Y kxo)t,.... ,(kx,)Y)

= mini {aA; (kx;1)7, dAx(kx2)1,......... ,aAL (kx5)1)}

> mini {aA; (kxy), dAx(k X 2) ... ,0AL (kx )}

= A K( X1, X2 ,0enenn. ,Xn)

> aA (kx)

aA (s x)! =aA((5x1)L(SX2),eeunnen ,(sxn)Y)

=mini {aA; (SX;) %, AAx(SX 2) 1, .. L0AL (sx 1))}

> mini {0A; (s X1), AA(SX 2) yueeennnes ,0A, (sx 1)}

=aAS( Xy, Xo,eeennnn. ,Xn)

> A (sx)

iii) aAkxvsy)=aA(kxvsy, kKXxoVSya. ... kx,vsyn))

= mini {aA; (kx ;vsy1), aAs (KX 2 VSY2),eeeennenne ,0An (kxnVvSyn)}

> mini{mini[aA,(kx, ), aA; (ky,) ], mini[aA. (kxz), aAz(Ky2)],...mini[ aAs(kx 1), aAn(nyns)] }

>mini{mini[aA;(kx),aA:(kxy), .....aAn(kxn)],mini[aA:(sy:),aAx(Sy2),. AAn(syn) 1}
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> mini{(aA;XaA sX..... X 0A, )k (x1X 2

............

> mini{aA(k x),aA(s y)}
iv) aAkx asy))=0aA (kx a8y, kX2ASY,,.... . KXnAaSyn))
= mini{aA; (kX 148y1), 0As (KX 2 A 8Y2),eenveeee. » AAn (KX n A SY ) }

> mini{mini [aA,(k x,), aA; (s y1) ], mini [aA; (kX 2), dAx(SY 2)],...mini[ aA, (kX 1), aAn (sy )] }
> mini {mini [aA;(kx;), aA; (kx o), ... aAp (kX n)], mini [aAi(S 1), AA2 (S oy, ....... aA, (syn) 1}
> mini{(0A;X0A »X..... X An ) K (X 1X » Xn), (QAX QA X ........ X0An)Ss(y iy o, Vn)

............

> mini{aA(k x),aA(s v )}

V) Batkxsy)) =Ba(k(x1Xo,....., Xn)s(Y1, ¥, Vn)
=BA(kX1SY1,kXQSY2 ............ anSYn))

= maxi {BA; (kK x:5y1), BA2 (KX 2 SY 2)evennene ,BAL (kX nsyn)}

< maxi{maxi [BA,(kx, ), BA;(sy,)], min [BA; (kxo), BAx(sy2)],...
maxi[ BAn (kxn), BAn (syn)] }

< maxi {maxi [BA;(k x;), BA> (KX o), ... BA, (kx1)],

maxi [BA1(S Y1 ), BA, (S Yo,.... BA. (S y n) ]}

< maxi {(BAxBAX ........ X BAn) k (X1X»

............

< maxi{BA(kx),BA(sy)}

vi) BA (kx) =BA((kx), (kx2)7 ..., , (kxn)M)
=maxi {BA; (kx;)?1, BA(kx.)1,........ BAL (kxn)Y)}

< maXi {BAl ( k Xl), BAz(k X 2) geescesees ,BAn (k X n)}

=BAKR(Xy, Xo,eeennnnn ,Xn)

< BA (kx)

BA (s x)1 =BA((sx1) L (SX2)7,...ueee. ,(sxn)Y)

=maxi {BA; (sx1)7, BA(SX2)1,......... BAL (sxn)Y)}

< maxi {BA; (s X1), BA2(S X 2) yeueee.e.. BAL (sx )}

=BAS(X1, X2 e ,Xn)

< BA (sx)

vii) BA(kxvsy))=BA(kxvsSy:, kxavsSya,..., kxnvsyn))
= maxi {BA; (kx1vsy1), BAs (KX 2 VSY2),.evenneen. ,BAL(kxnvSyn)}

< maxi{maxi[BA,(kx,), BA; (ky,) ], maxi[BA, (kx.), BAs(Ky2)],...maxi[ BAn(kx n), BAx(nys)] }
<maxi{maxi[ BA;(kx,),8A:(kxy), ......BAn(kxn)],maxi[ BA:(sy1),BA2(Sy2),. BAn(syn) I}
< maxi{(BAxBA .X..... x BA, )k (X1 X » Xn), (BAX BA X ........ XBAL) S (V1Yo Vn)

............

< maxi{BA(k x),BA(s y)}
Viii) BA(kXASy))=BA(kX1ASy1,kX2ASy2 ............ anASYH))
= maxi{BA; (kx 1asy1), BAs (KX 2 A SY2),..eceee. s BAn (kxnasyn) }

< maxi{maxi [BA;(k x;), BA; (s y1) ], maxi [BA: (k X ), BA2(sy 2)]1,...maxi[ BA, (k x n), BAy (syn)] }
< maxi {maxi [BA:(k x;), BAz (KX 2, ...... BAy (kx )], maxi [BA:(s y1), BA2 (S Y 2, ...... BAn (Sy n) 1}
< maxi{(BA;xBA 5x..... x BA, )k (x X » Xn), (BAXBA X ........ XBAL)S (V1Yo Vn)

< maxi{BA(k x),BA(s y)}

............
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